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How to Ride a Cycling Time Trial
Summary

As a mathematician you're used to solving problems on your own, so that’s the way I approach
cycling.

—— Anna Kiesenhofer,

the winner of women’s road race in Tokyo 2020

As Anna Kiesenhofer, a Ph.D. in mathematics, said, a proper mathematical model can help cyclists
to plan their races better and more efficiently. And that is exactly what we do in this paper.

We begin with the analysis on energy supply system of the cyclists. According to basic biological
knowledge, we divide the contribution of overall output power into three different energy supply sys-
tems: ATP-CP system, glycolysis system and aerobic system. We base our model on ODEs to describe
the change of content of various substances in human body during cycling.

Based on our energy supply model, we then define the power profiles of the time trial specialists and
sprinters, with different genders considered. The comparison between our theoretical power curves
and real-world power curves implies the reliability of the energy model we have developed. It is
worth noting that power curves here is presented as an intermediate results. We use our energy model
for further discussions, which is more essential and accurate.

Then in order to evaluate the power needed for maintaining a given speed, we analyze the motion
of bicycle-cyclist system. We include different drag resistances, hilly terrain and sharp turnings into
our model. A motion equation is obtained here to determine the relation between the acceleration and
propulsive force.

With the energy model and motion model developed, we discuss the optimal strategies on each
characteristic terrains. It is found that the optimal strategy in most cases is to maintain a fixed speed,
threshold speed, all along the race. The exception is when on a hilly course or sharply curved road.
Slowing down is generally needed for cycling uphill or sharp turnings. Accordingly, we propose a
feasible strategy, which is a combination of optimal strategies on each specific terrains.

To test our model in real world conditions, we first reconstruct the courses and obtain necessary
data by processing the official roadmaps. Then we simulate the actual performance of cyclists of four
different types on three courses. The simulation shows that the optimal time on 2021 UCI Champi-
onship in Belgium is 53.02 minutes, which is very close to the champion’s 57.78 minutes on this course.

We evaluate the sensitivity of the deviations from our strategy, where we find 30% deviation only
gives 3.11% difference in time. Then for sensitivity of weather, we focus on the wind directions and
strengths. The analysis shows that the wind greatly affects the strategy adopted and expected perfor-
mance.

Finally, we modify our model to include Team Time Trials, where the drafting effect is considered
to reduce the overall aerodynamic resistance. We propose a strategy for TTT that cyclists rotate to take
pulls and modify themselves before and in sprint stage. The team strategy can improve the speed by
14.43% compared to individual case.

Keywords: cyclist; power profile; time trial; ODE;
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1 Introduction
1.1 Background

After Karl von Drais created world’s first bicycle, cycling soon became a popular sports activity. And
it has been featured in all Olympic Games since 1894 when first Modern Olympic Game was held.!
Today, over 44 million people in the U.S. participate in road cycling events, and the number still keeps
increasing.?!

Figure 1: Fuji Speedway, Tokyo 2020 Olympic Gamel®!

There are various types of bicycle road races, among which we focus on time trial events. There are
two main forms of time trial:

In an individual time trial (ITT), cyclists complete a fixed course one at a time. They are forbid to
cooperate with or ride near each other. The time to complete the course is recorded for each cyclist,
and the one who finish the course with the least amount of time wins the race.

In a team time trial (TTT), teams of cyclists race against the clock one at time. Unlike ITT where
cooperation is not allowed, in TTT, cyclists in the same team can ride in each other’s slipstream to
reduce aerodynamic resistance. The winning team in a TTT is usually determined by comparing the
finish times of the 4" cyclist in each team.¥!

1.2 Problem Restatement

This paper aims to build a proper model to provide optimal race strategies and possible performances
for cyclists and Directeur Sportif.

¢ Establish a model for any type of cyclists to determine the power distribution along the whole
course. In other words, given a position on the course, the model should suggest an optimal
power to apply. The model ought to take power curve of the cyclists, weather, and terrains into
consideration.

* Define power profiles for cyclists of two types and different genders. Our profiles should include
the profile of time trail specialist.

* Apply our model to various time trial courses, including two real-world courses in 2021 and a
self-designed course with enough sharp turns and climbs.

* Sensitivity Analysis for possible deviations from the optimal power distribution and small dif-
ference in the weather and environment.
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Extend our model for TTT where cyclists can take advantages of their teammates to allow higher
power and quicker recovery.

2 Assumptions and Notations

2.1

2.2

Basic Assumptions and Justifications

Cyclists and their bicycles are considered as particles. A typical Olympic Time trail course is
about 20 km long for women and 40 km long for men. On such a grand scale, the size of the
cyclists is negligible.

Suppose that the sharp turning parts of the courses is relatively flat, and athletes keep uniform
motion in the sharp turning. For safety considerations, organizers generally choose a relatively
flat area for sharp turns.

Cyclists of the same gender have the same weight, which is the average weight of each gender.
Although the cyclist’s weight is a factor that affects the results of the problem, it is not the main
problem we need to explore, so it can be ignored.

The biological process of human energy supply is carried out at a constant speed. In fact, the
biological process of human energy supply is very complex, and its speed is affected by many
factors such as enzyme concentration. It is difficult to give a mathematical expression. Through
this assumption, the analysis of energy supply problem becomes feasible in a short time.

Notations
Table 1: Notations
Notation Definition
varp;(i =1,2,3) the ATP production rate of each energy supply system
Uarpi(i=1,2,3)  the maximum ATP production rate of each energy supply system
VATP the overall ATP production rate
i the energy contained in unit ATP
P the overall output power of the cyclist
P(i=1,2,3) the output power of different part
Vi(x = CP,0y, LA) corresponding substance content
a;(i=1,2,3) conversion efficiency under three ways of energy supply
M,(x = CP,0,,LA) storage upper limit of corresponding substance
fa air resistance
fr rolling resistance
Is slope resistance
Mk the effective mass of bicycle-cyclist system
m the sum of mass of bicycle-cyclist system
P coefficient of air resistance
n drivetrain efficiency
F propulsive force

Uy the relative velocity
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3 The Cyclist Energy Supply Model: A Mixture of Three Energy
Supply Systems

Each cyclist’s power curve is unique, due to different features of their energy supply system. For
example, a sprinter has stronger explosive power, because of the better performance of ATP-CP energy
supply system, which is the main energy supply system for short and extremely intense exercise.

As we know, ATP is the direct energy source of the human body. The ATP production speed and
output power interrelated through a constant — the energy contained in unit ATP . Then the output
power P and the ATP production rate v7p satisfy the following formula:

P = HoATP. (1)
Generally, only a small amount of ATP is stored in the cells, and can exist for only 1-3s during
intense exercise. The subsequent energy supply mainly relies on ATP regeneration.

There are three energy supply system in human body that can produce ATP to provide energy. They
are ATP-CP system, glycolysis system and aerobic system® respectively. The overall output power is
regarded as the sum of output power of each energy supply system:

P=P +P+ P (2)
We are now going to discuss the ATP production of each energy supply system.

3.1 ATP-CP System

The decomposition of intracellular creatine phosphate (CP) can provide energy and inorganic phos-
phate, so that ADP can resynthesize ATP. This process is shown in the following figure.

1

Power Existing ATP

H

ATP of the
decomposition products

r'y

>composition

F"‘

C

Creatine phosphate Phosphoric acid ete.

Figure 2: Schematic diagram of ATP-CP energy supply system

3.1.1 ATP Production of ATP-CP System

For CP consumption process, we can write
dVep(t) = —vepdt
vATP1 = Q1UCP
Vep(t =0) = Mcep

: 3)

where Ve p is the CP concentration in human body, M¢p is the maximum storage of CP in human
body, «; is the number of ATP produced by decomposing unit CP, vcp is the decomposition rate of CP.
Solving (3), we obtain

a1 Vep(t) = varpar, 4)
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where 7 is the lasting time for given ATP production rate.

Due to the limitation of the actual biological structure, the speed of ATP production must be physi-
ologically limited. Given the maximum ATP production speed of ATP-CP system is v47p,, then using
(1), we obtain

(5)

The ATP-CP process can be carried out under both anaerobic and aerobic conditions, and the dura-
tion is about 6-8 seconds. The output power is very high, so it is the major energy supply system for
short-time and intense exercise.

y VATP,1

. {a1VCP ~ }
Py = poarpy = pomin .

3.1.2 Restoration of CP

During aerobic breathing, the CP concentration in the human body is restored. If the restoration rate
of CP is defined as v,1, then the formula and initial condition for restoration process is

dV, p(t) = Urldt
{ V(JJCD(t =0)=0 "~ ©

When Vi p reaches its maximum value Mcp, the restoration finishes. After exhaustion, the restora-
tion time of CP is about 3 — 5 min.

3.2 Glycolysis-Aerobic System

Glycolysis system and aerobic system cooperate closely with each other. We therefore consider them
together in this subsection.

ATP produced by lactic |
acid breakdown

ry

‘ Lung breathing
Aerobic respiration [« = -

Provide oxygen . .
1= Oxygen library ‘ The outside world

Lactic acid

' H
glycolysis

glycolysis ATP produced by H

glycolysis Power

Glucose and glycogen |

Figure 3: Schematic diagram of glycolysis and aerobic energy supply system

Under anaerobic conditions, glycogen, or glucose is degraded by glycolysis to produce lactate and
ATP, and most of the energy is stored in lactate. This process is also a preparation pathway for glucose
oxidative metabolism. Under aerobic conditions, lactate continues to decompose through oxidative
metabolism to generate a large amount of ATP for energy. This process is represented by Fig. 3.

3.2.1 ATP Production of Glycolysis-Aerobic System

Similar with what we do in ATP-CP system, we can write the equations for glycolysis system.
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Vout = kvde

dVOQ(t) = (Uz’n — Uout)dt

dVLA(t) = (Uge - Ude)dt

VATP2 = (Uge ) (7)
VATP3 = (3VUout

Vog(t - 0) - M02

Viat=0)=0

\

where £ is the oxygen needed to decompose unit lactate, oy, a3 is the number of ATP produced
by generating unit lactate or consuming unit oxygen, Vo, is oxygen concentration of human body,
Mo, is the maximum oxygen concentration, V; 4 is the lactate concentration, v;, is the speed of lung
providing oxygen for human body, v, is the speed of oxygen consumed by aerobic respiration, v,
is the speed of sugar decomposition into lactate, and vy, is the speed of lactate decomposition under
aerobic conditions.

Solving the (7), we obtain

o%) (MLA —Via+ W) = VATP2T @)

as(Voa + vinT) = varpsT

Similar with the case in ATP-CP system, the speed of ATP production is physiologically limited,
i.e., varpa < Varp2 and varps < Varps, using (1), we finally obtain

) Mpa—Via+ Voo /k in ~
P2 = UVATp2 = (Min { a2< LA :A 02/ ) + %, UATP,Z} ) (9)
P — . | ~
3 = WUATP3 = (1NN § O3 — + Vin | ,VATP3 (- (10)

3.2.2 Restoration of Glycolysis Subsystem

When the lactate concentration reaches the lactate threshold M} 4, glycolysis ends. Glycolysis can con-
tinue only if the glycolysis system is restored by decomposing lactate through aerobic respiration. And

when oxygen concentration in human body is insufficient, the intensity of aerobic respiration will also
be inhibited.

3.3 Overall Energy Supply : Put Them All Together

Real-world human energy supply is completed by all three energy supply systems at the same time.
Whether a system is dominant or not mainly depends on the intensity level of exercise.

First, it should be noted that during the whole process of a race, the total sugar content in human
body is fixed. However, in the actual race, there is generally no lack of sugar in the cyclist. What limits
the cyclist in energy supply is muscle fatigue (which can be quantified by the concentration of lactate
and CP) and other problems. Therefore, the limitation of total sugar will not actually take effect in our
analysis.

We define an algorithm to determine the dominant energy supply process:
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.| Command output power
P and duration

r

Exceed the Feedback: __—Whether the aerobic~___
power limit fail to carry out — system can complete T~ Yes | The aerobic system
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No
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B — o T
'/"’/ Whether to ™~ __— Whether if the ) T
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No
" Whether if the ™~
_— ATP-CP system is T Yes | The ATP-CP system
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PSP+ P+ P
SPie Pl

T No

Figure 4: Schematic diagram of overall energy supply

Step1 The human body sends out instructions to output a certain power P and its duration ¢.

Step2 According to the duration ¢ and the current concentrations of CD, lactate and oxygen in human
body, the maximum output power limit P;,,;; is calculated.

Step 3 Select the dominant energy supply system according to the power needed. When the power
is low, the aerobic system can meet the power requirements ; when the aerobic power is not enough,
consider adding glycolysis system, or even ATP-CP system for energy supply. If the power of all three
energy supply systems in total is still not adequate, then report unachievable.

Finally, considering the effect of adrenaline and other hormone, the model above can be further
modified. When the three energy supply systems work together and still can not meet the power
output requirements, it is allowed to forcibly exceed the power limit through glycolysis within a limited
range, at the cost of producing more lactate, namely, the part exceeding the lactate threshold. With the
introduction of the over-limit constant e > 1, we modify (2) to

Compared with normal glycolysis, the glycolysis beyond lactate threshold is more incomplete.
Therefore, if we introduce the constant b describing incomplete decomposition, the content of newly
produced lactate is

AVia =b[P — (P, + Py + Py)] dt (12)

4 Application of Energy Supply Model : Power Profiles of the Cy-
clists

After the establishment of energy supply model for cyclists, we can discuss the power profiles in depth.

4.1 Solving Power Curves Based on Energy Supply Model

The cyclist’'s power curve describes the length of time it maintains different levels of output power,
which is easy to obtain by our energy supply model.

According to the definition of power curve, the overall power curve is the sum of the power curves
of the three energy supply systems.
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Vep(t =0) = Mcep
Vog(t — O) — M02
Via(t=0)=0
After assigning the initial value above and other relevant parameters according to the rider’s char-
acteristics, the cyclist’s power curve can be obtained by summing the expressions of the power curves
of the three energy supply systems in the energy supply model.

Due to the complexity of the actual biological process, the meaningful value of parameters is the
relative value between parameters, not the absolute value; The power curve and power value obtained
have been processed to remove the effect of cyclist’s weight, that is, the power value displayed below
multiplied by the cyclist’s weight is the actual output power.

4.2 Gender Differences in Cyclists

The power curve features of cyclists of different genders are also significantly different.
To begin with, we introduce the four most important values on the power curve:l®!
* sprint abilities (power at 5s)
* anaerobic capacity (power at Imin)
¢ VO2 max capability (power at 5min)

¢ functional threshold power (power at 1h)

FTP stands for Functional Threshold Power. It estimates the highest average power the cyclist can
sustain for one hour. In cycling, FIP is a measure of fitness and indicates the amount of work you can
sustain for long durations.”!

VO2Max is the first zone above "Threshold" zone it starts from 105% of your FTP and ends on
120%.#! The advantage of VO2Max helps the cyclist to excel at short and punchy climbs.!

We will show the differences between cyclists of different genders by comparing the above four
characteristic values of male and female cyclists of different levels. The analysis is based on the data
retrieved online.[®!

Male and Female's Power Profiles

—8— Male 5sec
—&— Male 1min
—— Male 5min
~&— Male FTP
-¥- Female 5sec
-¥- Female 1min
=¥- Female 5min

- Female FTP

254

204

Level

Figure 5: Comparison between male and female cyclists

The horizontal axis represents different levels of cyclists. Smaller number indicates higher level of
the cyclists; The longitudinal axis is the power value after weight removal treatment; Four colors rep-
resent the four important reference values respectively; Solid dots represent men and dotted triangles
represents women.

By analyzing the data, it is not difficult to reach to the following conclusions:
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¢ The output power intensity of female riders is lower than that of male riders in all duration length,
and the difference is more obvious with the increase of rider level;

¢ Although the ability of female riders of the same level is lower than that of male riders gener-

ally, the difference is greater in short-term explosive power, while the difference in long-term
endurance is relatively small.

The above conclusions are also consistent with the physiological characteristics of men and women.
4.3 Power Profiles of Time Trial Specialists

Based on Python, we use Numpy, Sympy and other libraries to simulate, solve and analyze our model.

Time trial specialists are characterized by strong endurance, high level of fatigue endurance and the
ability to keep close to the threshold power for a long time.

The values of important parameters are shown in the Table. 4.

Table 2: Physical Fitness of Time Trial Specialists

Mcp vin Mos Mpa Varpi Varp2 Varps
Male 30 1.6 13000 220 20 7.1 5
Female 22 1.6 10500 180 18 6.8 4.8

Using the algorithm in section 3.3, the overall power curve can be calculated. The result is shown in
Fig. 6 (the power curves of three energy supply systems are also given). In order to show the difference
of the power curve at the beginning more clearly, logarithmic coordinates is used in the right figure.
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Figure 6: Theoretical power profile of male time trial specialists
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Figure 7: Theoretical power profile of female time trial specialists

The four characteristic powers are listed in Table. 5.
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Table 3: Characteristic Powers of Time Trial Specialists

Duration 55 Imin b5min FTP(1h)

Male 1810 9.17 5.83 5.07
Female 16.00 8.17 547 4.58

Power/Watt - kg~*

We will display the following result in the way similar with this section and not repeat the explana-
tion later.

4.4 Power Profiles of Sprinters

Sprinters are characterized by strong explosive power and can produce high power in a short time, so

they are expert in sprinting.

Table 4: Physical Fitness of Sprinters

Mcp  vin, Moz Mpa varpi Varp2 VaTP3
Male 55 1.32 11000 285 25 7.3 3.98
Female 50 1.2 10000 265 24 7.12 3.75
Power Profile Power Profile
35 A e Total 354
30 —— ATP-CP 30
T —— Glycolysis b
2 251 —— Aerobic 2254
§ 20 § 201
T 151 5157
2 2
& 104 810
5 N 5
of 0
0 2000 4000 6000 8000 10000 107! 10! 10°
Time /s log(Time) / s
Figure 8: Theoretical power profile of male sprinters
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Figure 9: Theoretical power profile of female sprinters

Table 5: Characteristic powers of sprinters

Duration 55 Imin b5min FTP(1h)
Male 2228 965 511 407

-1
Power/Watt - kg™ g, ale 2087 9.00 480  3.84
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The results given by our model tally well with the real-world data, which proves the reliability of
the model. We therefore can estimate the abilities of three energy supply systems from given cyclist’s
power curve. With our model, we make it possible to evaluate the explosive power beyond their power
curves and recovery time, which guides the strategy to choose.

5 The Cyclist Motion Model

Before we can talk about strategies on the course, we need to establish a model to describe the motion
of cyclists.

5.1 Drag Resistances in Cyclist Motion

The motion of cyclists is affected by various types of drag resistances, including aerodynamic resis-
tance, drivetrain resistance, slope resistance and rolling resistance. The influence of each kind of resis-
tance is analyzed below.

5.1.1 Aerodynamic Resistance

Aerodynamic resistance is a significant part of the resistance for high-speed bicycles on flat roads.
The aerodynamic resistance of the cyclist (and the bicycle) can be divided into differential pressure
resistance and friction resistance.

When there is a relative movement between the cyclist and the air, the cyclist and the bicycle com-
press the air ahead, which means there will be a relatively high pressure area in the front of the cyclist,
while there will be a relatively low pressure area behind the cyclist due to air escape. The pressure
difference between these two parts constitutes the differential pressure resistance. At the same time,
when the cyclist moves at high speed, the air will produce a friction resistance on the surface of the
bicycle body and the human body.

The practical discussion of aerodynamic resistance is rather complicated. According to classical
fluid mechanics, aerodynamic resistance can be shown as the following formula:1"!
1 2
fa=5CpS;, (13)
where f, is aerodynamic resistance force, C' is resistance coefficient, p is the density of the air, S is
the frontal area of the cyclist and v, is relative velocity between the cyclist and the air. Considering that
for a particular cyclist, the first three parameters keep almost unchanged during the race, the formula
can be rewritten in the following form :

fa = pvi. (13a)

5.1.2 Drivetrain Resistance

During cycling, some energy provided by the cyclist is wasted due to drivetrain resistance, the fric-
tions between drivetrain components. The energy loss caused by drivetrain resistance can be indicated
by the drivetrain efficiency 7. For real bicycles designed for races, the drivetrain efficiency averages
around 0.95.1'"! We therefore assume the drivetrain efficiency n = 0.95.

5.1.3 Slope Resistance

We regard the gravity component of the bicycle parallel to the slope as a part of the resistance, which
is so-called slope resistance. Given that the inclination angle of the slope is ¢, it is easy to show that
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fs=mgsina, «c¢€ [—g, g] , (14)

where f; is slope resistance, « is positive for uphill, and negative for downhill.
5.1.4 Rolling Resistance

Rolling resistance is generally caused by the deformation of the wheel or ground and can be expressed
by the following equation:

fr = CiyN, (15)

where f, is the rolling resistance, C\, is the rolling resistance coefficient (RRC), N is the normal
force perpendicular to the road. The RRCs of ordinary bicycle tires vary from 0.007 to 0.014,11?l and
for bicycles designed for races, the RRC can be as low as 0.004, according to the coasting-down experi-
ments.[3]

If the cyclist is on a slope with inclination angle «, the normal force can be given by N = mgcosa,
so the formula (15) can be written as

fr = Ciymg cos a. (16)

5.2 Linear Motion of Cyclists

Taking the drivetrain efficiency 7 into account, the equation of cyclist power is
nP = Fu, (17)

which shows the relation between the output power of the cyclist P, current velocity of the cyclist
v and the propulsive force F'.

The critical theorem here is the work-energy principle, that the change in the kinetic energy is equal
to the work done by the external forces.!"! The kinetic energy is the sum of translational energy 1muv?
and rotational energy 1/w® = 1(I/R*)v? for each wheel, where m is the mass of the cyclist and the
bicycle, R is the outer radius of bicycle wheels and I is the moment of inertia of the wheels. We therefore
obtain

e 8-

Simple calculation of (18) shows that

m*a_(m—i_%)a_F_fa_fr_fsa (19)

where m* = m + 21 /R? is effective mass of the cyclist and the bicycle, a is the acceleration of the
cyclist.
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5.3 Cyclist Motion on the Curved Road

Cyclists lean inwards while riding along a curved road for the maximum speed. This method is called
inclination method.

Cyclists keep their bicycle in a straight line when passing the curve, and at the same time make the
bicycle incline to the inside of the curve. The resultant force of ground support for the bicycle and its
own gravity provides centripetal acceleration for the circular motion of the bicycle. This strategy can
obtain a high curve speed, and is also conducive to observing the road ahead.

Figure 10: Inclination Method for the Curved Road

As shown by Fig. 10, the blue rectangle represents the bicycle, the yellow arrow represents the
support force of the bicycle and the total gravity of the cyclist and the bicycle. The red arrow represents
the resultant force of the bicycle, which is the centripetal force required for passing the curved road,
thus obtaining the following formula:

2

v myg
i _ 20
r  tanp (20)
Considering the restrictions from friction between the bicycle tire and ground, the formula should
be: vi _ myg
— = < kmg. (21)
r tan (3

Therefore, the maximum speed allowed for passing the curved road is

Um =/ g7k, (22)

where g is the acceleration of gravity, r is the radius of curve, and k is the coefficient of ground
friction, which is about 0.3. When the radius of curvature of the curve is large, the restrictions becomes
fairly loose. Under such situations, the motion of the cyclists is approximately equivalent to moving
on a straight road.

6 The Optimal Strategy for Individual Time Trial

Considering the actual possible state of the rider, it will include the following three: 1. Output power
is greater than the threshold value, physical consumption. 2. The output power is equal to the balance
value, no physical consumption 3. Output power is lower than the threshold value, it restores the
physical strength. The following is the strategy selection model after taking the energy supply model
and road condition into consideration:
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Figure 11: Optimal Strategy for Individual Time Trial

6.1 Strategy for Flat Straight Courses

Let’s start from the simplest situation, where cyclists ride on a flat road in straight line. It is conceivable
that maintaining higher speed corresponds to higher power output. Here are two strategies:

* The rider keeps moving at a specific speed, at which the threshold value of the output power is
just enough to make the rider move at a constant speed.

* The rider alternates with high power and low power, and the actual performance is to acceler-
ate and decelerate alternately. The acceleration process and deceleration process need to keep
symmetry, so that the process can be established.

vy — VU AP

m*vgv m*v

Speed change process: a =

For alternating between two speeds, it requires strict control of parameters such as time and accel-
eration, which is relatively difficult for riders to achieve. On the other hand, it does not provide more
energy in a cycle than a strategy of maintaining speed:

Pt = a/v3dt+f/vdt (23)

In the case of variable speed, where the average speed remains constant, the energy demand is
higher, so a reasonable strategy would be to keep moving at a certain speed. That is, to first accelerate
in the shortest possible time to a given speed at which the rider is able to maintain a constant speed.

6.2 Strategy for Sharp Turning and Hilly Course

For curves, if the speed is greater than the maximum speed allowed for the curves, slow down to this
speed when entering the curves and maintain it, and follow the straight strategy when leaving the
curves and entering the straights.

There are two solutions for going uphill from the straight:

1. If the uphill section is long, the uphill can be regarded as a straight with extra resistance. Referring
to the above analysis, the strategy we choose is to slow down only at the moment before the
uphill.
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2. If the uphill section is short, it is also possible to slow down a short distance before going uphill
to regain your strength and then leave the uphill section as fast as possible.

For downhills, use the same strategy as for the straight. When entering the straight from downhill,
adopt the strategy selection of entering uphill from straight.

7 Model Application on Time Trial Courses

In this section, we first model three courses. One is a simple self-designed course, the others are real-
world courses in 2021.

7.1 The Course Mndelc

3.88km

/ M
r=60m

Figure 12: Simple self-designed course

We begin with our self-designed course, which is made up of straights, ramps, 90° and 180° curves.
The actual shape and parameters are already marked in Fig. 12.

The real-world courses are reconstructed by straight lines and arcs. And the altitude change was
assigned by estimation. In the case that the average speed of the 2021’s Olympic champion is about 13
km/h, we only count the curves with radius less than 60 m. Curves with larger radius is considered
equivalent to straight roads.

(@ Actual Course (b) Model
Figure 13: 2021 Olympic ITT Course (Female) in Tokyo, Japan

Under the condition that some arcs are ignored, the length of a lap of the reconstructed model is
21.1 km, and the error is about 4.5% compared with the total length of the actual course, which is
acceptable.
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(a) Actual Course (b) Model

Figure 14: 2021 UCI World Championship ITT Course (Male) in Flanders, Belgium

The same method was adopted to model the course of UCI World Championship Time Trial Course
in Belgium. The reconstructed model has a total length of 43.0 km, and the error is about 3% compared
with the actual course of 44.3 km.

7.2 Model Application Results

Table 6: The Time Needed for Each Course

Time(min)  Male TT Specialist Male Sprinter Female TT Specialist Female Sprinter

Tokyo 28.10 31.32 32.69 32.72
Belgium 53.02 57.02 54.23 58.74
Self-designed 21.01 22.95 22.41 23.85

On the course in Tokyo and Belgium, our model application results are slightly inferior to the actual
world championship’s results, but it also shows the rationality of our model. According to the results,
we can see that men perform better than women, and TT specialist perform better than sprinter. Here
comes more detailed information of the results:

Comparison of the performances of four cyclists in the track we designed
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Figure 15: The Relationship Between Power, Velocity and Position on the Course

In the model we build, the riders follow the strategy we set up very well. Our decisions are based
on road conditions, which are also reflected in the figure above. When competitors adopt the same
strategy in the course, their performance is related to their basic qualities. At the same time, we can also
see that in the case of large changes in terrain, the speed will be affected by the addition, which is also

consistent with the reality.

7.3 Sensitivity Analysis of the deviations from the target power

influence of the control strategy’s deviation on the male time trial specialist

2001 --- ErmorQ: v S —
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—— Error0: P
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Figure 16: Simple Self-designed course

Table 7: Time to Finish Under Different Deviations of Our Strategy

Deviation 0 -10% -20% -30% -40%  £20% £ 30%
1260.80 1272.55 1306.60 1358.67 1445.73 1289.00 1300.04

Time(s)
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From the figure and table above, we can see that even though the target power is only 70% of the ideal
target, this produces a time deviation of only 7.76%. And when the target power missed the ideal target
range by 30%, resulting in a time deviation of only 3.11%. This data shows that our strategy model is
not very sensitive to the deviation of the player’s target power, which means that our strategy has
better value in practical use.

8 The Impact of Weather on Cycling

8.1 Influence of weather

In cycling, the weather and road conditions all affect the performance of the cyclists. Among the
various weather factors, we mainly focus on wind, direction, and precipitation conditions.

In the straight motion of bicycle, the wind and direction mainly affect the air resistance, thus af-
fecting the actual performance of athletes on the course. But during the turn, the wind direction is
constantly changing relative to the cyclist’s speed, so we need to discuss the average air resistance
under the wind.

Suppose that the bicycle needs to turn an angle of v and a radius of R, and the wind direction is
decomposed into two components perpendicular to and along the initial movement direction of the
cyclist, which are v, and v, respectively.

.\‘{\w -

Figure 17: Impact of Wind on Sharp Turning

After time t, the bike moves from the original blue square position to the yellow square position:

pwP = pviv (24)
vt vl
r r
Uy =V 4 v, sing + v, cos ¢ (26)

We then can calculate the average wind resistance via an integral:

fT = p/OT v2dt (27)

In particular, we calculate the average wind resistance when the turning angle ~ is 7/2 and 7. The
results are

ﬁr/Q =P {U2 + % (Ui - U;) + % 20 (ve +vy) + Uﬂcvy]} (28)
and
_ , 4
fr=0n <U + ;va> ) (29)

In the case of rain, the water will change the friction coefficient of the road surface. Referring to the
analysis of the sharp turning, it can be found that the maximum speed allowed by the bicycle cornering
decreases, which will affect the riding strategy of the rider.
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8.2 Sensitivity Analysis of the weather
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Figure 18: The relationship between wind and completion time
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Figure 19: detailed information

We take the male specialists as an example, and let him test to finish our self-designed course in various
wind conditions. The results are summarized as above.

According to the left picture in Figure 17, which is plotted at a wind speed of 5v/2m/s, we can
assume that the wind direction does significantly affect the time needed to finish the race. The influence
of wind direction on the race is very related to the course itself, which means that the symmetry shown
in the picture can be explained, because our self-designed course has a certain symmetry.

With a wind direction fixed at 45° and a gradual increase in wind speed, it can also be seen that
the average speed of the cyclist is greatly affected. In the Figure 18, the figures in brackets show the
wind speed and direction respectively. We know that the influence of wind condition on the driver
is a relatively complex process, which is not only related to the race field, but also affects the driver’s
strategy choice.

9 Modified Model for Team Time Trial

Additional Assumptions
We need more assumptions to extend our ITT model for Team Time Trials.

¢ All six members of the team are of the same or similar physical quality. In the case of differences
in the physical quality of riders, the problem will be much more complicated.
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¢ In the queue, the team members are arranged compactly. We believe that the specific handover
process is approximately equivalent to the result after ignoring the factors including the time
spent retreating from the front to the back of the queue and the resulting acceleration, decelera-
tion, and position change.

Rotate to Take Pulls

In team time trials, a few cyclists can ride at the front of the team, while other teammates draft behind
in the slipstream. The cyclists taking pulls then rotate to the back. The drafting effect can reduce the
overall aerodynamic to at most 2/3 resistance.['"!

It is assumed that when a cyclist is taking a pull, the air resistance of the following cyclists is reduced
to 75% of the original. When the leader advances with the output power higher than his threshold
value, the following five riders can recover their strength with the output power lower than their
threshold value.

9.1 Team Strategy before Sprint Stage

The strategy is taking turns riding a certain distance in front, until their energy are nearly exhausted,
and then they fall to the back of the queue to recover, so that the group as a whole is actually always
faster than the individual rider. Suppose that the overall movement speed of the team is V/, then ac-
cording to the movement model, the power demands of the first rider and other riders can be obtained

as Py and P, respectively: 1Py = 0 (fair + fotner ) (30)

:uPl =0 (0'75fair + fother) (31)

According to the energy supply model, it can be determined that the rider can persist for 7, under

the condition of F, output power, and the rider with complete fatigue can fully recover for 7; under

the condition of P, output power. In order to implement the strategy of taking pulls, it is necessary to

satisfy 77 < 57; . Under this limitation, we can find the maximum speed that can meet the require-
ments.

For curves, uphill and downhill sections, the team is considered to have the same pull taking pro-
cess on them as on straight roads. Consider the team as a whole, and its strategy for moving forward
is consistent with the individual’s strategy on these roads.

9.2 Team Strategy for Final Sprint Stage

We propose a strategy that abandons the recovery of the rider’s physical strength. Improve the overall
speed of the team, so that each rider behind the first rider can’t recover their physical strength, that is,
P1 is equal to the threshold output power.

After the first rider has exhausted his physical strength or even exceeded the power output curve,
he will give up chasing the team. The second rider then repeats the strategy of the first rider and breaks
away from the team.

speed up for the
second time then |«

cross the finish line

(@’@ speed up for the
{'.E) 4'@@ ‘““-—3“.> first time then
<,®@ leave the team

F1gure 20: Optlmal Strategy for Individual Time Trial
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The distance between the rider and the finish line is L, the last four players consume their physical
strength for further acceleration to reach v. It is assumed that the power level of the first rider consumes
their physical strength at a rate of Uy, and that of the next three riders is U;. Their remaining physical
strength is 3V, 2V, V' and 0 respectively, and the limit of physical strength consumption beyond the
energy supply curve is M. The pull taking time of the four riders is ¢;(i = 1,2, 3,4) respectively, and
the threshold speed of the team in the six-man straight line stage was v, then the following formula
could be obtained:

V(i—1)+M:U12tj+Uoti

JF#i
4
i=1
4

L
By adjusting the values of decision variables v and ti(I =1,2,3,4), the maximum value of — — Z t;
LUN—

(32)

is obtained, which indicates that the four-person sprint stage achieves the best effect.

9.3 Solution of the Team Time Trial Model

Using the parameters we set in the single time trial, we can solve the improvement in the team time trial
according to the above strategy. The results showed that the average team speed increased by 14.43%
compared to individuals during the normal advance phase and 18.52% during the sprint phase.

10 Model Evaluation and Further Discussion

10.1 Model Evaluation
10.1.1  Strengths of the Model

* The problems are divided into different modules, and the relevant knowledge of physics and
biology is comprehensively used

¢ Starting from the basic energy supply model, our modeling is closer to reality
¢ A comprehensive comparison is made between different players and the model results are con-

vincing

10.1.2 Weaknesses of the Model

¢ In the process of model building, many contents are simplified, which may make the model reflect
the actual problems become inaccurate

¢ In the strategy selection, the analysis is not thorough, the discussion only shows that the chosen
strategy is the superior strategy

10.2 Possible Improvement of the Model

There is an idea of using variational method in solving the model, but no further attempt is made due
to time limitation. In fact, it is possible to use the variational method to solve the power as a function
of distance, which would be very helpful for an accurate description of the problem.
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Rider’s Race Guidance

In time trial course, athletes start separately at regular intervals and are ranked by the
time they reach the finish line. The rules are simple, but achieving the desired results
is difficult.It is influenced by a number of factors, including the athlete’s physical
fitness, knowledge of the track, weather and strategies used in the race.This paper is
prepared for you, the Directeur Sportif, to offer you guidance on helping your riders
to get better results.

First, get a good handle on your rider’s physical fitness.

Pay attention to your rider’s daily training data, it will map their power profiles,
from which you can determine whether he is a climber or a sprinter or so other. You
also need to check this chart frequently to see how your athletes” physical abilities are
changing.

Power Profile
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In the power profile, the first part shows the explosive power of the rider, the riders
with a higher level in this part tend to specialize in sprints. And we call those who
have a great performance in the second part climber, it means they specialize in races
that have multiple long climbs. Yet having a high level of the third part means the
rider has great endurance,and their are excellent in long distance race.

The power profile is mixed by three part, ATP-CP, Glycolysis, Aerobic, all of them
form the power supply system for the rider. By analyzing the changes in the vari-
ous substances in this system, we can get a detailed understanding of the physical
condition of the rider, based on which we can provide you with professional advice.
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Second, know the road conditions ahead of time.

When the race starts, it is difficult for the rider to make the right decision if he
has no idea what the road is going to be and what the weather will be like. The
relationship between a rider’s speed, acceleration, and his power output is generally
determined by the environment.

Here’s what you should know about how the road and weather influence the
rider’s performance:

In the uphill, riders need more power to keep the speed, and in the downhill,
they need less.

As the riders go through the curve, keep in mind that never maintain excessive
speed, especially when it rains.

You shall also understand that the faster you move relative to the wind, the more
air resistance you will experience.

Third, choose the best strategy

Good strategy often leads the rider to success. Based on the results of our model,
we then give our suggestions on the strategies that riders should adopt during the

race.

On a road, the most important thing is to be clear about the threshold speed. But
how to find it? Just speed up until the rider reach the maximum speed that just
doesn’t make himself much tired and won’t cause him to fall around the corner.
It’s much better than alternating acceleration process and deceleration process.

As the rider approaches the turn, evaluate the radius first to estimate speed with-
out skidding. Use the brakes to slow down quickly, and the rider can have a short
rest during the turn.

In the long ramp area, the basic strategy is the same as that on flat road. But
notice that when the rider moves from a low resistance area to a high resistance
area, for example, from a downhill zone to an uphill zone, evaluate whether the
rider can sprint through. If you're confident about rider’s physical strength, let
the rider sprint through it, else just tell him to decelerate.

In acceleration, the rider needs to estimate the distance to the destination and
make sure he can reach it before running out of steam.

In team time trial, it is important to rotate to take pulls. Let your riders rotate to
take pulls, it will enable them to perform better than they did individually.
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